Introduction
Throughout this paper is an associative ring with identity, unless otherwise stated, and is an endomorphism of . The polynomial ring over with respect to is denoted by
[ ; ] (or simply, the skew polynomial ring) which elements are polynomials in with coefficients in , the addition is defined as usual and the multiplication depending on the relation = ( ) for any ∈ . Most of the results in the polynomial rings have been done with the case where is the identity. For a ring , ( ) is the prime radical (i.e., the intersection of all prime ideals of ), and ( ) is the set of all nilpotent elements of . A ring is said to be an ring if ( ) forms an ideal of .
Following Nielsen [1] , a ring is said to be right McCoy; if two polynomials ( ) and ( ) ∈ [ ] \ {0} such that ( ) ( ) = 0, then there exists ∈ \ {0} which satisfies ( ) = 0. A left McCoy ring is defined similarly. If a ring is both right and left McCoy, then it is called a McCoy ring. Commutative rings are McCoy [2] .
Başer et al. in [3] There are many relationships between McCoyness and other kinds of rings like Armendariz rings, regular rings, reduced rings (i.e., a ring without nonzero nilpotent elements), 2-primal rings (i.e., if ( ) = ( )), and others. An Armendariz ring is defined by Rege and Chhawchharia in [5] ; if two polynomials ( ) = ∑ =0 and ( ) = ∑ =0
∈ [ ] \ {0} such that ( ) ( ) = 0, then = 0 for all and . Also, it is proved in [5] that every Armendariz ring is McCoy, but the converse needs not to be true.
According to Hong et al. in [6, 7] , the Armendariz property of a polynomial ring was extended to a skew polynomial ring. A ring is called -Armendariz (resp., -skew Armendariz); if two polynomials ( ) = ∑ =0 and ( ) = ∑ =0 ∈ [ ; ] such that ( ) ( ) = 0, then = 0 (resp., = 0) for all 0 ≤ ≤ and 0 ≤ ≤ . Also, it is proved in [7] that any -Armendariz ring is -skew 
-Skew -McCoy Rings
Motivating by [3, 4, 8] , we introduced the following concept. The converse of Proposition 2 may not be true in general.
Example 3. Let 3 be the ring of integers modulo 3. Consider the 2 × 2 matrix ring = Mat 2 ( 3 ) over 3 and an endomorphism : → defined by
For
we have ( ) ( ) = 0 ∈ ( [ ; ]), but for any ∈ \ {0}, ( ) ̸ = 0, thus is not -skew McCoy [3] . On the other hand is not -McCoy [4] . Furthermore, this shows that the 2 × 2 upper triangular matrix ring
over 3 is not -skew McCoy [3] , but is a -McCoy ring [4] . In addition is an -skew -McCoy ring by Lemma 7(d) below.
The idea of the following example appears in [4] . 
for 1 ≤ , ≤ 2, = 0 for = 3 or = 3} ,
Let be the subring of generated by and . Let = 2 . Note that every element of is of the form 
Let : → be an endomorphism defined by
is an -skew McCoy ring [3] , hence is an -skewMcCoy ring.
Example 6. Consider the ring
where and are the set of all integers and all rational numbers, respectively. Let :
→ be an automorphism of defined by
is an -skew Armendariz ring [6] , hence is -skew McCoy [3] , and then is an -skew -McCoy ring. 
Lemma 7. (a) Let be a ring, and

(a).
A ring is called 2-primal by Birkenmeier et al. [9] if ( ) = ( ). Note that a 2-primal ring is reduced and a ring is 2-primal if and only if / ( ) is reduced. It is easy to see that every reduced ring is -McCoy (which is unknown for -skew -McCoy ring), for this reason 2-primal rings are -McCoy, so we have the following for the case of an -skew -McCoy ring.
Proposition 9. Let be a nonreduced ring. If is 2-primal, then is an -skew -McCoy ring.
Proof. Assume that is 2-primal, and then ( ) = ( ), and since is nonreduced, then ( ) = ( ) ̸ = 0, hence is an -skew -McCoy ring by Lemma 7(b).
The converse of Proposition 9 needs not be true because the -skew -McCoy ring in Remark 8 is not 2-primal by [10] .
Due to Jeon et al. [4] , the class of -McCoy rings contains both McCoy rings and 2-primal rings. However, regularMcCoy rings are not McCoy or 2-primal [4] . Recall that a ring is -regular if there exist a positive integer and ∈ such that = for every element ∈ . While is called a right (resp., left) -regular ring if there exists a positive integer and ∈ such that = +1 (resp., = +1 ) for every element ∈ , a ring is called strongly -regular if is both right and left -regular rings. It is known that every strongly -regular ring is -regular and every regular ring is -regular, but the converse may not be true. Also, note that is left -regular if it satisfies the DCC on chains of the form ⊇ 2 ⊇ 3 . . .. 
where is not -regular and ( ) = (
) ̸ = 0 by [11] , so that is nonsemiprime, and hence is an -skew -McCoy ring by Lemma 7(b). Furthermore, we have ( ) = ( ) [11] which implies that is a 2-primal ring (which is nonreduced), and then is an -skew -McCoy ring by Proposition 9.
Example 11. If denotes the 2 × 2 upper triangle matrix ring over a field, then is a -regular ring [12] and is an -skew -McCoy ring by Lemma 7(d).
In case that is a commutative ring, the concept ofregular rings coincides with the concept of strongly -regular rings. Also, every nonreduced ring is an -skew -McCoy ring. It is well known that if is commutative ring, then is regular if and only if is -regular and ( ) = 0. In addition, every Artinian ring is -regular [13] , so we have the following.
Proposition 12. Let be a commutative ring. If is aregular ring but not regular, then is -skew -McCoy.
Proof. Since is a -regular ring but not regular, then ( ) ̸ = 0, hence is -skew -McCoy by Lemma 7(b).
Corollary 13. Let be a commutative not regular ring. If is Artinian, then is an -skew -McCoy ring.
Corollary 14. Let be a commutative ring. If is -regular, then is a -McCoy ring.
Corollary 15. If is commutative Artinian ring, then isMcCoy.
Let be a ring, and Let be an endomorphism of ; Kwak in [14] defines an ( * )-ring to be a ring in which ( ) ∈ ( ) implies ∈ ( ) for ∈ . Also he called an ideal of a ring by completely prime if ∈ implies ∈ or ∈ for , ∈ .
Proposition 16. Let be a nonreduced ring, and Let be an automorphism of . If is an ( * )-ring, then is -skewMcCoy.
Proof. Since is an ( * )-ring, then by [15] is a 2-primal ring, therefore is -skew -McCoy by Proposition 9.
Corollary 17. Let be a Noetherian nonreduced ring, and Let be an automorphism of . If for each minimal prime ideal of , ( ) = and is completely prime ideal of , then is an -skew -McCoy ring.
Proof. By [15] and Proposition 16.
Proposition 18. If is a nonreduced, 2-primal ring with a nilpotent prime ideal, then [ ; ] is an -skew -McCoy ring.
Proof. By [16] is a 2-primal ring, hence by Proposition 9 is an -skew -McCoy ring.
Chen [17] introduced the notion of semiabelian rings. A ring is semiabelian if Id( ) = ( ) ∪ ( ) where (i) Id( ) is the set of idempotents in , (ii) ( ) (resp., ( )) is the set of right (resp., left) semicentral idempotents of , (iii) an idempotent in a ring is right (resp., left) semicentral if for every ∈ , = (resp., = ). Recall that a ring is Abelian if every idempotent element of is central and that a ring is right (resp., left) quasiduo if every maximal right (resp., left) ideal is an ideal, and a ring is quasiduo if it is right and left quasiduos.
Theorem 19. Let be a right Noetherian ring. If is an Abelian -regular ring, then is 2-primal.
Proof. Since is a right Noetherian ring, then every nil right or left ideal of is nilpotent [18] , therefore ( ) contains all nil right or left ideals of , but ( ) is two sided [19] because is an Abelian -regular ring, hence ( ) ⊆ ( ) which implies that is a 2-primal ring.
Badawi [19] and Chen [17] proved that if satisfies any one of the following: (a) an Abelian -regular ring; (b) a right (resp., left) quasiduo -regular ring; (c) a semiabelian -regular ring, then ( ) is an ideal of , so we have the following.
Corollary 20. Let be a nonreduced right Noetherian ring. If is an Abelian -regular ring, then is -skew -McCoy.
Corollary 21. Let be a nonreduced, right Noetherian ring. If is a right (resp., left) quasiduo -regular ring, then is -skew -McCoy.
Corollary 22. Let be a nonreduced right Noetherian ring. If is a semiabelian -regular ring, then is -skew -McCoy.
Two Generalizations of -Skew McCoy Rings
As mentioned before that a ring with an endomorphism is called -skew McCoy ring; if two polynomials ( ) = ∑ =0
and ( ) = ∑ =0 ∈ [ ; ] \ {0} such that ( ) ( ) = 0, then ( ) = 0 for some ∈ \ {0} [3] . In fact Song et al. in [20] Proof. For any
then we have ∈ ( ) and ∈ ( ), hence is an -skew 1 -McCoy ring.
Recall that a ring is semicommutative if = 0 implies = 0 for , ∈ , and that a ring is said to satisfy the -condition for an endomorphism of in case = 0 if and only if ( ) = 0 where , ∈ [21] . In the following we show how may an -skew 1 1) ) ∈ ( ) for each 0 ≤ ≤ .
Also here we mention that there is no example of a ring which is not -skew 2 -McCoy so far.
Remark 31. As in the case of an -skew 1 -McCoy ring, the concept of an -skew -McCoy ring is not equivalent to the concept of an -skew 2 -McCoy ring, since the subring referred to in Example 25 is an -skew 2 -McCoy ring because always we can find = ( ) ∈ such that ( ) ∈ ( ).
Ouyang [24] introduced the concept of weak ( , )-compatible rings. For an endomorphism and -derivation , we say that is weak -compatible; if each , ∈ , then ∈ ( ) if and only if ( ) ∈ ( ). Moreover, is said to be weak -compatible; if each , ∈ , ∈ ( ), then ( ) ∈ ( ). If is both weak -compatible and weak -compatible, then is said to be weak ( , )-compatible. Now, it is clear that every -skew 2 -McCoy ring is -skew Proof. Let be any ring satisfies any one of (a), (b), and (c), hence for ( ) = ∑ =0 and ( ) = ∑ =0 ∈ [ ; ] \ {0} with ( ) ( ) ∈ ( [ ; ]) and by [24] , we have ∈ ( ) for each , . Therefore is a skew -Armendariz ring. Proof. Let be any ring satisfies any one of (a), (b), and (c), hence for ( ) = ∑ =0 and ( ) = ∑ =0 ∈ [ ; ] \ {0} with ( ) ( ) ∈ ( [ ; ]) and by [24] , there exists ∈ \ {0} such that ∈ ( ) for all 0 ≤ ≤ , therefore is an -skew 1 -McCoy ring. 
